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Abstract. This paper reviews the basic equations used in the study of the tidal variations of
the rotational and orbital elements of a system formed by one star and one close-in planet as
given by the creep tide theory for homogeneous bodies and Darwin’s constant time lag (CTL)
theory. At the end, it reviews and discusses the determinations of the relaxation factors (and
time lags) in the case of host stars and hot Jupiters based on actual observations of orbital
decay, stellar rotation and age, etc. It also includes a recollection of the basic facts concerning
the variations of the rotation of host stars due to the leakage of angular momentum associated
with stellar winds.

1. Introduction

Our current knowledge of dynamical tides is mainly based on Darwin’s theory of 1880.
All studies done before were based on the static or stationary ellipsoidal models of Jacobi,
Maclaurin and Roche and were focused on the relative equilibrium of the forces acting
on the considered bodies.
Darwin was the first to take into account that one body’s response to tidal forces is

not instantaneous, but suffers a delay that depends on the viscosity of the body.
His first approach using hydrodynamical equations, even though restricted to ocean

tides (Darwin, 1879), showed that fluid bodies respond to tidal torques with a lag pro-
portional to the frequency of the torque. In his 1880 theory, Darwin (1880) used this
result as an insight to assume that the Earth’s tide, due to the stresses generated by the
lunar attraction, has an ’ad hoc’ lag proportional to the tide frequency and calculated
the secular changes in the rotation of the Earth and in the orbital elements of the Moon.
This approach is followed even today. It is the basis of the so-called CTL (constant time
lag) theories.
In the extended reformulation of Darwin’s theory by Kaula (1964), the ’ad hoc’ lag was

not fixed a priori, thus allowing for variants of Darwin’s theory, as the CPL (constant
phase lag) theory (MacDonald, 1964; Jackson et al. 2008). It also opened the way for con-
sidering more complex laws regulating the lags and allowed the construction of theories
able to describe dissipation in rocky planets (Efroimsky and Lainey, 2007; Gevorgyan et
al., 2020).
An alternative model valid for both gaseous and stiff bodies, the creep tide theory,

was proposed by Ferraz-Mello (2012, 2013). It is based on an approximate solution of the
Navier-Stokes equation and is equivalent to Darwin’s theory in the case of gaseous planets
and stars. In this theory, the actual surface of the body creeps towards the instantaneous
equilibrium surface with a speed proportional, at each point, to their separation. This
dynamics may be written as dZ/dt = −γ(Z − Z0) (Newtonian creep), where Z − Z0 is
the height of one point above the equilibrium ellipsoid Z0, normal to the ellipsoid, and
γ is a relaxation factor inversely proportional to the viscosity of the body at the surface.
The equilibrium surface Z0(φ, λ) is a triaxial ellipsoid (φ, λ are the spherical coordinates
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on the surface of the ellipsoid). The integration of this differential equation allows us to
obtain the dynamical figure of equilibrium Z(φ, λ) and to define the boundaries of the
integrals giving the torque due to the tidal forces as well as the disturbing forces acting
on the system.

2. Tidal evolution

Tidal evolution affects both the orbital elements of the pair and the rotation of the
two bodies in interaction. The basic planar equations of this process showing how each
of the two bodies contributes to the variations of the semi-major axis and eccentricity of
the system are (Folonier et al., 2018, e-suppl.; Ferraz-Mello, 2019):
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where the subscript i refers to the body deformed by the tidal stress and j refers to the
body whose gravitational attraction is creating the stress (they can be the star and the
planet or vice versa); a, e, n are the semi-major axis, eccentricity and mean-motion of the
system; m,R, γ are the masses, equatorial radii and relaxation factors of the considered
bodies, and

k2i =
15Ci

4miR2
i

(Ci is the moment of inertia). The quantities

νi = 2Ωi − 2n

are the semi-diurnal frequencies. The rotation velocities of the bodies, Ωi are affected by
the tidal evolution and ruled by the equations
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These equations do not appear so simple as the corresponding equations found in the
literature. The reason is that they are general. The parameters of extra-solar systems
span various orders of magnitude and it is not possible to encompass all cases with sim-
plified formulas. If more accurate equations are needed, one may use Mignard’s (1980)
or Hut’s (1981) versions of Darwin’s CTL theory with rational functions of the eccen-
tricities, instead of truncated series expansions or, yet, the parametric version of the
creep tide theory (Folonier et al. 2018; Ferraz-Mello et al. 2020) where the instantaneous
polar oblateness, equatorial prolateness and lag are given by closed differential equations
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which may be integrated numerically together with the equations for the variation of the
elements.

2.1. Synchronisation

The right-hand side of eqn. (2.3) is dominated by the term independent of the eccentricity.
Given the negative sign of the coefficient in front of the brackets, the dominating term will
have a sign contrary to the sign of the semi-diurnal frequency νi. Then the tidal torque
accelerates or brakes the rotation of the body so as to make it almost synchronous (exactly
synchronous if e = 0). The contribution of the terms dependent on the eccentricity,
however, alters this rule. In order to see the actual location of the stationary rotation,
let us simplify eqn. 2.3 by assuming that we may neglect terms of the order of νi/n and
let us solve the equation 〈Ω̇i〉 = 0. There results

νi (stat) = 12e2γiΨi +O(e4). (2.4)

where
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Figure 1. The function Ψ = (γ/n+ n/γ)−1

Since Ψi is positive and always less than 0.5, we see that the stationary value of νi is
always positive. This means that Ωi (stat) > n. Then, the final state of the rotation of
one planet is not exactly synchronous, but supersynchronous, unless the eccentricity is
equal to zero.

2.2. Hot Jupiters and host stars

More simple equations can be obtained in the case of systems harboring a close-in hot
Jupiter (or other gaseous companions). In these cases, both the planet and the star have
relaxation factors larger than 1 s−1 (see section 6), such that, always, γi ≫ n, allowing
us to neglect terms of order n/γ. Hence, Eqns. (2.1-2.2) become
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These equations are the same obtained with Darwin’s theory when a constant time lag
τi is assumed (see Hut, 1981; Ferraz-Mello et al. 2008), and the correspondence formula

τi =
1

γi
(2.8)

(valid when γi ≪ n) is adopted.
In this case, the synchronization process leads to a supersynchronous stationary rota-

tion of the body whose angular velocity is the same found in Darwin’s theory with the
CTL hypothesis:

Ωi = n+ 6ne2. (2.9)

2.3. Telluric exoplanets

In the case of exoplanets with a surface composed at least partially of solid silicate
material, like the Earth’s crust, γ is much smaller than in the case of gaseous planets.
In the Solar System, the relaxation factor of terrestrial planets and ice satellites is γ ≪
10−6s−1 (see Ferraz-Mello, 2019, Table 4).
In addition, as the synchronization of close-in telluric planets occurs quickly, we may

introduce the additional hypothesis that the system reached the stationary state and fix
a value for νi in accordance with eqn. (2.4). In this case, eqns. (2.1) and (2.2) become
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It is worth noting that these equations are also valid for hot Jupiters trapped in
stationary rotation, in which case, Ψi ≃ n/γi.

3. Inclination and obliquity tide

In the previous section, we collected the main perturbations in the orbital motion and
in the planetary rotation, in the coplanar case, that is, when the rotation axis of the body
is perpendicular to the orbital plane of the system. In the inclined case, one correction to
the given formulas must be added. According to Darwin’s CTL theory, to the formulas
given above, we have to add (Hut, 1981; Ferraz-Mello et al. 2008)
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where Ii is the inclination of the equator of the tidally deformed body (i) with respect to
the orbital plane. When this body is one planet moving around one star, the Ii is often
called obliquity. At the order considered, [〈δ̇e〉]i ≃ 0.
We note that the parameter τi of the CTL theories has been substituted by the inverse

of the relaxation factor γi following what was established in Eqn. 2.8. It is also worth
stressing the fact that CTL theories are only applicable to gaseous bodies (in which case,
γi ≪ n).
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3.1. Tidal evolution of obliquity

In the coplanar case, if we neglect the viscosity, the force is radial, its torque is equal to
zero and, therefore, the rotation of the body is not affected by the static tide. There is no
exchange of angular momentum between the rotation of the body and the orbital motion.
Besides, the work done by the static tide force is an exact differential and, therefore,
the total mechanical energy of the system remains constant in one cycle. There is no
dissipation of energy (see discussion in Ferraz-Mello, 2019). The perturbations given in
the previous section vanish if the viscosity of the body is neglected (that is, if we are in
the limit γ → ∞).
In the spatial case, however, even in the static (or inviscid) case, the vertex of the

ellipsoid representing the equilibrium figure is not directed to the companion (Folonier
et al., submitted) and the torque no longer vanishes. However, the contributions of the
tidal and of the rotational oblateness may be considered separately and, assuming that
the orbital plane has a constant precession (forced by a third body in an external orbit,
for instance), the Cassini stationary states known in the case of rigid bodies may subsist.
In this case, initially, if the star rotation is slower than the orbital motion, the tide raised
by the planet on the star acts decreasing the orbital semi-major axis. In the fall towards
the planet, if the planet is sufficiently far from the star, it may cross the situation that
corresponds to the so-called Cassini 2 stationary state in which the fall of the planet
towards the star brings as consequence an increase in the obliquity, which, in its turn,
accelerates the fall to a point in which the permanence in the stationary state is no
longer possible. The whole problem is very complex as it involves the variations of the
equatorial and orbital planes due to tides in both bodies, and also external factors forcing
an important precession of the orbital plane. A complete theory is not available. However,
it may justify the existence of high-obliquity short-period planets (Fabricky et al. 2007;
Millholland et al. 2020.).

4. Dissipation

If one planet evolves according to the equations of section 2, the tides raised on the
planet by the star change the orbital energy of the system and the rotational energy of
the planet with the power
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where the subscripts p, s refer to the planet and the star, respectively (Ferraz-Mello,
2015). These are the two only sources of the mechanical energy dissipated inside the
planet. Strictly speaking, to have a complete picture, we should also consider the internal
mechanical energy of the planet which changes in the process as the tidal forces affect
the semi-axes of the ellipsoid representing the planet. However, this is a small quantity
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oscillating about zero. It is important to say that in the parametric version of the creep
tide theory (Folonier et al. 2018), the mechanical energy variation appears as a sum of
squares multiplied by a negative coefficient so that, in all circumstances, [Ėtot]p 6 0.

Since the rotation of short-period planets is damped to the stationary state considered
in section 2.1 in a few million years, it is convenient to substitute the general formula
with a much more simple one:
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(Folonier et al. 2018). This equation means that when n ≪ γp (e.g. the hot Jupiters), the
dissipation power grows with the square of the orbital frequency (i.e. the square of the
mean motion) and when n ≫ γ (e.g. Earths and super-Earths), the dissipation power
does not depend on the mean motion (see fig. 2). This figure differs of the often shown
Λ-shaped plot of the inverse of the quality factor Q. The reason is that in the latter
case, Q−1 is proportional to the energy dissipated in one period, and to get the average
dissipation per unit time, we have to divide by the period.
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Figure 2. Power of the tidal energy dissipated in a planet in stationary rotation (arbitrary
units) as a function of the orbital frequency (in units of γp). In the case of gaseous bodies,
np[γp] < 1 and, in the case of stiff planets, np[γp] > 1.

In the inclined case, one correction to the given formulas must be added. According
with Darwin’s CTL theory, valid for gaseous bodies, we have to add, to the formulas
given above, the term

[〈δĖstat〉]p = −
3k2pGm2

snR
5
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2a6
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n

γp
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(Ferraz-Mello et al. 2008) where Ip is the inclination of the equator of the planet with
respect to the orbital plane (obliquity).

5. Star wind braking

The rotational period of the host star plays a determinant role in the tidal orbital
evolution of low-eccentricity planets. The leading terms in Eqns. (2.1) and (2.3) are
proportional to the semi-diurnal frequency ν = 2Ω − 2n and thus have different signs
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Figure 3. CoRoT-16: Long-term evolution of the stellar (black) and planetary (brown) rota-
tional periods and of the orbital period of the planet (red). CoRoT-16 b is a hot Saturn in
an orbit beyond the limit where the tidal interactions with the star influence significantly the
stellar rotation. The known isochronal age of the star (6.7 ± 2.8 Gyr) constrains the current
stellar rotational period to the neighborhood of 25 days. Taken from Ferraz-Mello (2016).

when the orbital period is larger or smaller than the revolution period of the star†. It
happens that solar-type stars are prone to lose rotational angular momentum through
the stellar wind. Initial periods of 1−2 days in the early phases of the life of an active star
may change to tens of days in a few Gyrs. Thus, one close-in planet in a low-eccentricity
orbit that, at the beginning of its life was being ejected from the neighborhood of the star
because of the tide raised by it on the star, after some time stops receding from the star
and starts falling into it. Therefore, the consideration of the star’s angular momentum
leakage is mandatory in long-term evolutionary studies.
In order to consider the variations of the host star rotation, we may use Bouvier’s

model for the magnetic braking of low-mass stars (0.5M⊙ < ms < 1.1M⊙) with an outer
convective zone:

Ω̇s =

{

−BWΩ3
s when Ωs 6 ωsat

−BWω2
satΩs when Ωs > ωsat

(5.1)

where ωsat is the value at which the angular momentum loss saturates (fixed at ωsat =
3, 8, 14Ω⊙ for 0.5, 0.8, and 1.0 M⊙ stars, respectively) and BW is a factor depending on
the star moment of inertia (Cs), mass (Ms) and radius (Rs) through the relation

BW = 2.7× 1047
1

Cs

√

( Rs

R⊙

M⊙

Ms

)

(cgs units). (5.2)

(Bouvier et al. 1997). In the case of the Sun, the coefficient used in Eqn. (5.1) corresponds
to 6.6× 1030 g cm2 s−2.
For fully convective low-mass M-stars, more complex models are used in which the

coefficient in Eqn. (5.2) is not the same for slow and fast rotators. Typical values in
the case of slow rotators range from the same value as for solar-like stars to 1.1 × 1047

† This fact is at the origin of some incorrect generalizations. One quadratic term in the orbital
eccentricity has a large coefficient which is negative if |νp| < n. In addition, tide in the almost
synchronous planet gives also a negative contribution to ȧ (see Eqn. 2.10). Hence, except for
very low eccentricities, the planet will be falling onto the star no matter if the star rotation
period is larger or smaller than the orbital period of the planet (see fig. 3).
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g cm2 s, depending on the adopted saturation value. For fast rotators, the coefficient
value is taken at least one order of magnitude smaller (see Irwin et al. 2011).
The above form of the law is valid after the star has completed its contraction (the

stellar moment of inertia Cs no longer changes significantly) and is fully decoupled from
its primeval disk. No significant mass loss needs to be considered.
We may note that the magnetic connection to very close planets may inhibit the

stellar wind (Strugarek et al. 2014) and thus reduce the braking torque on the star
to a minimum of 70 percent of its normal value for a ≃ 3.5Rs (see op.cit. fig. 10) and
request a customized model. In the study of the planet around the sub-giant star CoRoT-
21, Pätzold et al. (2012) have adopted a coefficient with a value smaller than the one
adopted for solar-like stars.
F stars with masses larger than 1.3 M⊙ are not expected to be affected by a magnetic

braking.

6. The relaxation factor

The parameters γi are not ad hoc quantities, but they are not known. In order to allow
the application of the given formulas to actual problems, we have to decide which values
of γi to use. The factors are discussed below for the several classes of objects considered.

6.1. Stars

Dissipation values of solar-type stars have been estimated by Hansen (2010, 2012) from
the analysis of the survival of short-period exoplanets. His results can be converted into
the relaxation factor of the creep tide theory (Ferraz-Mello, 2013) through

γs ≃
2Gk2s|νs|

3nR5
sσs

His mean result σs = 8.3× 10−64 g−1 cm−2 s−1, for a wide range of stars, corresponds
to γs ∼ 5−45 s−1 (assuming |νs/n| ∼ 2). This variation in γs is mainly due to the strong
dependence on the radius and the larger values correspond to stars having half of the
radius of the Sun.
However, the study of transiting hot Jupiters around old stars in significantly non-

circular orbits shows that γs < 30 s−1 often implies a too large exchange of angular
momentum between the orbit and the star rotation inconsistent with eccentricities not
damped to zero.
Results in a range slightly higher, γs ∼ 20−80 s−1, were derived from the comparison of

the observed rotational and orbital periods in systems with big close-in companions and
known age and rotation (Ferraz-Mello et al., 2015). In that cases, the rotational period of
the star evolves under the action of the tide raised by the (big) close-in companion and,
in the case of active stars, the wind braking. Their current value is critically determined
by the relaxation factor of the star.
One example is given in figure 4 that shows results from simulations of the orbital

evolution of the brown dwarf CoRoT-3 b and its host star CoRoT-3, a F3 star. No
braking was added. In that example, in order to reproduce the known parameters of the
system, we may have 40 < γs < 80 s−1. A smaller (resp. larger) γs means a faster (resp.
slower) evolution and a system younger (resp. older) than given by the age of the star as
determined from stellar models.
The limit γs > 30 s−1 is also more or less the same obtained by Jackson et al. (2011)

from the analysis of the distribution of the putative remaining lifetime of hot Jupiters.
A lesser value is obtained from the decay of the planet WASP-12b. In that case, it
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Figure 4. Simulations of the evolution of the rotational period of the host star CoRoT-3 (black)
and of the orbital period of its companion, the brown dwarf CoRoT-3 b (red). Adopted stellar
tidal relaxation factors (starting from the steepest curves): 40, 60, 80, 100, 120 s−1. The dashed
vertical lines show the stellar age range. Taken from Ferraz-Mello (2016).

was possible to fit a tidal model to the decreasing orbital period of the planet (29 ±
2 msec/year) (Yee et al. 2019). The result obtained for the quality factor of the star
corresponds to γs = 18 s−1.

6.2. Hot Jupiters

In his analyses, Hansen (2010) also made a first assessment of the dissipation of hot
Jupiters. The comparison of his model to the creep tide theory, in this case, assumes that
the planets are trapped in stationary quasi-synchronous rotation. The correspondence
formula is

γp ≃
3Gk2p
4R5

pσp

where σp is Hansen’s planetary dissipation parameter. Then, using his mean results for
WASP-17 b, CoRoT-5 b and Kepler-6 b, transiting planets whose radii have been deter-
mined, we obtain values of γp in the range 10− 60 s−1, the smallest value corresponding
to the bloated WASP-17 b of radius ∼ 2RJup.

In the case of CoRoT-5 b, a memory of the past evolution is kept by the eccentricity.
Backward simulations of this system show a significant rate of circularization and the
eccentricity must have been much larger in the past. If the relaxation factor is smaller
than a certain limit, the resulting circularization rate would impose eccentricities close
to 1 in the past Gyr (Ferraz-Mello, 2016), difficult to explain with our current knowledge
of the exoplanets orbital evolution .

6.3. Small planets

We may transpose to exoplanets the results known for some small planets of our Solar
System. We may mention the estimates given for Mercury, 4 − 30 × 10−9 s−1 (Ferraz-
Mello, 2015), and for the solid Earth, 1 − 4× 10−7 s−1 (conversion of the quality factor
adopted by several authors). We may add that the time lag necessary to a CLT theory
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to reproduce the tidal acceleration of the Moon is ∼600 s (Mignard, 1979), which is
equivalent† to γ ∼ 1.2× 10−5 s−1.
However, it is not wise just to extend the relaxation factors estimated in the Solar

System to most of the known exoplanets. The distances of telluric exoplanets to their host
stars is generally too small and the stellar radiation power creates an extreme physical
environment for the planet. We cannot exclude values different from the above-indicated
ones. Nevertheless, the estimated viscosity of the super-Earth CoRoT-7 b is η > 1018

Pa s (Léger et al., 2011), which corresponds, for this planet, to γp < 5× 10−7 s−1.
We may compare these values to the analogous values for Neptune: 3 − 19 s−1. The

large difference in the order of magnitude of the relaxation factors of gaseous and stiff
planets may be used to decide, from the study of their putative tidal evolutions, if some
potentially habitable small planet is a super-Earth or a mini-Neptune of the same size
(Gomes and Ferraz-Mello, 2020).

7. Conclusion

We visited the main formulas used in the study of the tidal evolution of one system
formed by one star and one close-in planet taking into account the tides raised mutually
in the two bodies. Most of these formulas are known, in one way or another, since the
work of Darwin. The main ones shown here correspond to the approximation to O(e2)
of the hydrodynamical approach adopted by Ferraz-Mello (2012, 2013), the creep tide
theory. Additionally, are also given, in the inclined problem, the formulas of Darwin’s
CTL-theory at the same order of approximation.
The state of the tidal theories, in what concerns the inclination, is far from complete.

Classical theories consider only the terms proportional to the phase lag. As far as the
coplanar case is considered, this is justified by the fact that the static tide (the defor-
mation of the body considered as inviscid) is just a stretching of the body along the
direction of the line joining the centers of the two bodies. Because of the symmetry of
this configuration, the resulting torque is zero. In the tri-dimensional case with inclined
rotation axes, however, this is not so. The bulge of the static tide in each body is no
longer directed to its companion. It is pointed to a direction in the plane formed by the
rotation axis of the body and the line joining the centers of the two bodies. The symme-
try of the planar case is destroyed and the torque due to the static tide is no longer equal
to zero (Folonier et al., submitted). Therefore, the contribution of the static tide cannot
be neglected. In fact, it should not be neglected even in the coplanar case where it does
not give long-term contributions to the energy and angular momentum, but affects the
angular elements of the orbit which will precess because of the static tide.
We also added a summary of the numerical values of the relaxation factors. Some

early estimations of the dissipation in stars and hot Jupiters (Hansen, 2010) were used
to determine the relaxation factors of those objects. The relaxation factor of the star
WASP-12 could also be known from the dissipation determined from the observed decay
of the orbit of its planet. In the case of stars with large companions (hot Jupiters or brown
dwarfs) and with well-determined physical parameters (mass, radius, age, spin), the tide
in the host star affects its period of rotation and models using the given equations allow

† For rocky planets, we cannot use the same correspondence formula γ = 1/τ used for gaseous
planets. In this case, we have to use the complete equivalence formula for Q ≃ 1/ντ where the
function Ψ is taken without approximation (Ferraz-Mello, 2013). Hence, the determination of
γ involves a second-degree equation with two solutions. For the whole Earth, besides the value
given in the text, we also have the solution γ ∼ 1.6 × 10−3 s−1, the choice done being just an
educated guess.
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an estimation of the γs (Ferraz-Mello et al., 2015). We have, now, a large number of bright
and well-known host stars with large companions and we can expect that the reported
investigations be soon replicated with larger samples thus improving our knowledge of
the tidal parameters of stars. A new analysis allowing a better knowledge of the tidal
parameters of the planets would also be welcome.
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Folonier, H.A., Boué, G., Ferraz-Mello, S. 2021, “Ellipsoidal equilibrium figure and Cassini
states of rotating planets and satellites deformed by a tidal potential in the spatial case”.
Cel.Mech.Dyn.Astr.(submitted).
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